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Chapter 1 

The signal-detection 
model 

Signal-detection theory provides a general framework to describe and study 
decisions that are made in uncertain or ambiguous situations. It is most 
widely applied in psychophysics-the domain of study that investigates the 
relationship between a physical stimulus and its subjective or psychological 
effect-but the theory has implications about how any type of decision un- 
der uncertainty is made, It is among the most successful of the quantitative 
investigations of human performance, with both theoretical and practical 
applications. This chapter introduces the basic concepts of signal-detec- 
tion theory, in the context of simple yes or no decisions. These ideas are 
expanded and amplified in later chapters. 

1.1 Some examples 
A good place to begin the study of signal-detection theory is with several 
examples of detection situations. Consider a very common situation: an 
individual must decide whether or not some condition is present. Such de- 
cisions are easy to make when the alternatives are obvious and the evidence 
is clear. However, there are many tasks that are not so simple. Often, the 
alternatives are distinct, but the evidence on which the decision is to be 
based is ambiguous. Here are three examples: 

0 A doctor-physician, psychologist, or whoever-is examining a pa- 
tient and trying to make a diagnosis. The patient shows a set of 
symptoms, and the doctor tries to decide whether a particular dis- 
order is present or not. To complicate the problem, the symptoms 
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4 CHAPTER 2. THE SIGNAL-DETECTION MODEL 

are ambiguous, some of them pointing in the direction of the dis- 
order, others pointing away from it; moreover, the patient is a bit 
confused and does not describe the symptoms clearly or consistently. 
The correct diagnosis is not obvious. 

0 A seismologist is trying to decide whether to predict that a large 
earthquake will occur during the next month. As it was for the doctor, 
the evidence is complex. Many bits of data can be brought to bear on 
the decision, but they are ambiguous and sometimes contradictory: 
records of earthquake activity in the distant past (some of which are 
not very accurate), seismographic records from recent times (whose 
form is clear, but whose interpretation is not), and so forth. The 
alternatives are obvious: either there will be a quake during the month 
or there will not. How to make the prediction is unclear. 

0 A witness to a crime is asked to identify a suspect. Was this person 
present at the time of the crime or not? The witness tries to remember 
the event, but the memory is unclear. It was dark, many things 
happened at once,, and they were stressful, confusing, and poorly 
seen. Moreover, the crime occurred some time ago, and the witness 
has been interviewed repeatedly and has talked to others about the 
event. Again the alternatives are clear: either the person was present 
or not, but the information that the witness can bring to bear on the 
decision is ambiguous. 

These three examples have an important characteristic in common. Al- 
though the basic decision is between simple alternatives-in each case, the 
response' is either YES or No-the information on which that decision is 
based is incomplete, ambiguous, and frequently contradictory. These limi- 
tations make the decision difficult. No matter how assiduous the decision 
maker, errors will occasionally occur. 

A full understanding of the decision process in situations such as these 
three is difficult, if not impossible. The decisions depend on many particu- 
lars: what the decider knows, his or her expectations and beliefs, how late;. 
information affects the interpretation of the original observations, and the 
like. An understanding of much domain-specific knowledge is needed-of 
medical diagnosis or seismology, for example. This base of knowledge must 
be coupled with a theory of information processing and problem solving. 
Fortunately, much can be said about the decision process without going 
into these details. Some characteristics of a yes-no decision transcend the 
particular situation in which it is made. The theory discussed here treats 
these common elements. This theory, known generally as signal-detection 
theory, is one of the greatest successes of mathematical psychology. 

'Throughout this book, SMALL CAPITALS are used to denote overt responses. 
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Although signal-detection theory has implications for the type of com- 
plex decisions described above, it was developed for a much simpler situ- 
ation: the detection of a weak signal occurring in a noisy environment. It 
is much easier to describe the theory in the simpler context. Consider two 
experiments: 

Classical signal detection. A person, referred to as the observer, is 
listening through earphones to white noise.2 The observer also is 
watching a small light. At regular intervals the light goes on for one 
second. During this one-second interval one of two things happens: 
either the white noise continues as before, or a faint 523 Hz tone (mid- 
dle C on the musical scale) is added to the noise. Whether the tone is 
added or not is decided randomly, so the observer has no way to tell 
in advance which event will occur. At the end of the one-second inter- 
ya1 the stimulus returns to normal (if it had changed). The observer 
decides whether the tone was presented during the lighted interval 
and reports the choice by pressing one of two buttons, the left button 
if no tone was heard, the right button if a tone was heard. Because 
the tone is weak and the background noise loud, it is easy for the 
observer to make an error in detecting the tone. 
Recognition memory. The subject in this recognition-memory ex- 
periment is seated  in^ a darkened room and views a series of slides 
projected on a screen. The slides are photographs of various outdoor 
scenes-trees, waterfalls, buildings, and so forth. Each slide is shown 
for three seconds, providing time to get a look at it but not to study 
it carefully. After 200 slides have been seen, the subject works on an 
unrelated task for half an hour, then returns to the room and is given 
a memory test. A new series of slides is shown. Half of these slides 
are old pictures, drawn from the 200 that were seen before. The other 
half are new pictures, generally similar to the old slides, but of novel 
scenes. For each of these slides the subject is asked to decide whether 
it had been seen in the first series or not. 

If one overlooks the particular differences-perception or memory, audition 
or vision, meaningless tones or meaningful pictures-these two tasks are 
much alike. In each, a well-defined yes-no decision is made (tone present 
or absent in one case, picture old or new in the other), in each the signal 
that the observer is trying to detect is weak (the faint tone or the memory 
of a briefly seen picture), and in each the task is complicated by interfering 
information (the white noise or the competing memories of similar pictures 

2This type of sound is a random mixture of a wide range of frequencies. It is called 
“white” by analogy with white light, which is a mixture of all colors. White noise sounds 
much like the hissing noise one hears from a radio that is not tuned to any station. 
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seen in the past). The common structure lets the two tasks be analyzed in 
similar ways. 

1.2 Hits and false alarms 
To start out, some terminology is needed. The observer in a detection ex- 
periment experiences two types of trials. On some trials only the random 
background environment is present, either the white noise or the random 
familiarity of a new picture. Because they contain no systematic compo- 
nent, these trials are called noise trials. On other trials, some sort of signal 
is added to the noise. In the examples, the signal is either the tone or the 
added familiarity associated with having recently seen a picture. These 
trials are called signal plus noise trials or, more simply, signal trials. When 
speaking of the recognition memory experiment, these possibilities corre- 
spond to new items and old items, respectively. In the discussion below, 
the signal-and-noise formulation will be used. Whichever terminology is 
used, the observer makes either the response YES or the response NO. 

At first glance, it seems easy to score experiments of this type. Just 
measure how well the observer does by finding the proportion of times 
that the signal is detected. The event in question, saying YES to a signal, 
is known as a hit. The proportion of hits is calculated, by dividing the 
frequency of hits by the frequency of signal trials to give the hit rate: 

Number of YES responses to signals 
Number of signal trials 

h =  

Good observers or observers presented with easy signals have high hit rates 
and poor observers or ones presented with difficult signals have low hit 
rat es. 

Unfortunately, the hit rate is incomplete as a summary of these experi- 
ments and is not a good way to indicate how well the signal is detected. It 
depends, in part, on aspects of the task other than the detectability. Con- 
sider one observer in two sessions of the tone detection experiment. During 
each session the observer is presented with 100 trials on which a pure noise 
stimulus is present and 100 trials on which the tone is added to the noise 
in an appropriate random sequence. The same signal is used in both ses- 
sions, so that the ability of the observer to detect it should be the same 
(at least as long as there are no effects of practice). The sessions differ in 
the instructions given to the observer. In the first session, the observer is 
told that it is very important to catch all the signals. To give incentive, 
the observer is paid 10 cents for every correctly detected signal. When the 
data for the session are analyzed, 82 hits have been made on 100 signal 
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trials, so the proportion of hits is h = 0.82. The second session has differ- 
ent instructions. Now the observer is told that it is very important not to 
report a signal when there isn't one, a type of error known as a false alarm. 
To emphasize these instructions, the bonus for hits is removed, and the 
observer receives 10 cents for every correctly identified noise trial. There 
are far fewer hits in this session: only 55 of the 100 signal trials receive YES 
responses, giving h = 0.55. These results suggest that the proportion of 
hits is unsatisfactory, or at least incomplete, as a measure of the properties 
of the signal. Were it really a good measure, its value would be the same in 
both sessions-remember that the signal itself does not change. However, 
the proportion of hits drops from 0.82 to 0.55. 

It is easy to see informally what happened here. The signals were weak 
and easily confused with the noise. On some trials this confusion made the 
observer unsure what to answer. In this state of uncertainty, the behavior 
of the observer in the two sessions is likely to differ. In the first session, 
to maximize the number of hits, the observer does best to say YES when 
unsure. After all, if that choice is correct, then the reward is received, 
while if it is wrong, nothing bad happens. In contrast, during the second 
session it is best to say NO when uncertain. With this response, if there 
really were no signal, then the reward would be received, while if there 
were a signal, nothing bad would happen. The detectability of the signal 
has not changed, but manipulating the payoff has made the observer change 
strategy, altering the proportion of hits. A better measure of detectability 
should not be affected by these strategic matters. 

As this example shows, the problem with an analysis based only on the 
hit rate is that it neglects what happens on trials where the noise stimulus ' 

is presented. A complete picture requires attention to both possibilities. 
There are two types of trial, either noise or signal, and there are two re- 
sponses, either NO or YES. Because each type of response can occur with 
each type of stimulus, there are four possible outcomes. These four possi- 
bilities are identified by name: 

Response 
NO YES 

Trial Type Noise 
Miss Hit Signal 

Correct Rejection False Alarm 

Two of these possibilities, hits and correct rejections, are correct; the other 
two, false alarms and misses, are errors. 

An idea of what is lost by looking only at the hits is seen by examining 
the complete data for the experiment described above. Suppose that in the 
two sessions the frequencies of the four events were 
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First Session 
NO YES 

Noise 
Signal 

The decrease in hits between the 
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Second session 

and NO YES 

Noise m 
first and the second session here is matched 

by a decrease in false alarms. Because the observer was rewarded for hits 
in the first session and for correct rejections (i.e., for avoiding false alarms) 
in the second session, this behavior is quite appropriate. 

Parenthetically, note that this observer does not behave in a way that 
maximizes the earnings. There was no reward for correct rejections or 
penalty for false alarms in the first session, so the observer could earn the 
maximum possible amount money by saying YES on every trial. Likewise, 
the highest paying strategy in the second session is always to say NO. Had 
these strategies been used, the two tables of data would have appeared 

First Session Second session 

and NO YES NO YES 

Noise 
Signal Signal 

Noise F I  
However, most observers are loath to adopt such extreme strategies, and 
data of the type shown earlier, which are biased in the correct direction but 
less exaggerated, are more common. 

Although there are four types of outcome here, one does not need four 
numbers to summarize the observer’s behavior. In these detection experi- 
ments, the frequencies of the two types of trials-that is, of noise trials and 
signal trials-are determined by the experimenter. The observer’s behavior 
governs the proportion of YES and NO responses on trials of a single type, 
not how many trials there are. When describing the observer’s behavior, 
one does not want to summarize the data in a way that partially reflects 
the experimenter’s behavior. So the results are usually converted to condi- 
tional proportions in each row. Conventionally in signal-detection theory, 
the two probabilities used are the hit rate, 

Number of hits 
Number of signal trials’ 

h =  

and the false-alarm rate, 

Number of false alarms 
= Number of noise trials m 

One can also calculate a miss rate and a correct rejection rate, but these 
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quantities are redundant with the hit rate and the false-alarm rate: 

miss rate = 1 - h, 
correct rejection rate = 1 - f .  

These two proportions add no new information to that provided by the 
hit rate and false-alarm rate, so it has become conventional to report only 
h and f .  Using these two statistics, the data from the two sessions are 
summarized as 

First Session 
Second Session I 0.55 o*82 0.19 I 

The way that the hit rate and the false-alarm rate increase or decrease 
together between the two sessions is quite apparent. This table contains 
the minimum information that must be reported to understand what is 
happening in a pair of two-alternative detection experiments. 

The ideas expressed here have been developed in many domains, and 
with them other terminology. A more neutral nomenclature refers to hits 
and false alarms as true positives and false positives, and to correction 
rejections and misses as true negatives and false negatives. In the epidemi- 
ological literature, the sensitivity of a test is its hit rate, and the specificity 
is its correct-rejection rate. 

1.3 The statistical decision representation 
Although reporting both the hit rate and the false-alarm rate is much better 
than presenting one of these alone, even together they are not completely 
satisfactory. Together the two proportions give an idea of what the observer 
is doing, but neither number unambiguously measures the observer’s ability 
to detect the signal. Neither the hit rate nor the false-alarm rate tells the 
whole story. A single number that represents the observer’s sensitivity 
to the signal is better. The theories discussed in this book provide this 
measure. 

To develop a measure of sensitivity, it is necessary to go beyond a simple 
description of the data. A measure that describes the detectability of a 
signal must be based on some idea of how the detection process works as a 
whole. A conceptual picture of the detection process, known broadly as sig- 
nal-detection theory, has been developed to provide this structure. There 
are several ways that this broad picture can be made more specific and 
given a rigorous mathematical form. Each of these signal-detection models, 
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as they will be called, leads to a different way to measure detectability. The 
simplest of these models describes an observer’s performance by a pair of 
numerical quantities, one that measures the detectability of the signal and 
another that measures the observer’s preference for YES or NO responses. 
Using this model, the data quantities h and f are translated into estimates 
of more meaningful theoretical quantities. This section describes one model 
for the two-alternative case; it is developed, extended, and modified in later 
chapters. 

The basic model is drawn from statistical decision theory and is similar 
to the ideas that are used in statistical testing to make a decision between 
two hypotheses. This theory, as it is applied in signal-detection theory, is 
founded on three assumptions: 

1. The evidence about the signal that the observer extracts from the 

2. The evidence that is extracted is subject to random variation. 
3. The choice of response is made by applying a simple decision criterion 

stimulus can be represented by a single number. 

to the magnitude of the evidence. 

The next few paragraphs describe these assumptions in more detail. 
First, consider the underlying dimension. The idea here is that the 

internal response of the observer to a stimulus, insofar as the detection 
decision is concerned, can be represented by a point on a single underly- 
ing continuous dimension. For example, when the signal is a pure tone 
of known frequency masked in white noise, this dimension might be the 
output of whatever neuron (or set of neurons) in the auditory system is 
maximally responsive to the appropriate signal frequency. For the recog- 
nition memory experiment, this dimension is some feeling of “familiarity” 
with the test word, perhaps as contrasted with a feeling for how familiar a 
new word would be. A more abstract definition is provided by the concept 
of a likelihood ratio, drawn from statistical theory, which is developed in 
Chapter 9. 

In both examples a much more thorough analysis of specific properties 
of the detection system is possible. One could look (as many researchers 
have done) at the detailed neurology of tone detection or the various visual 
and semantic dimensions that influence recognition memory. However, this 
detail is unnecessary when seeking a detection measure. One of the powers 
of signal-detection theory is its ability to give useful quantitative answers 
without requiring one to delve into the specifics. Under the signal-detection 
model, the response depends on a single value, and all information obtained 
by the observer is summarized in this number. Thus, the theory can apply 
both to the complex medical or seismological examples at the start of this 
chapter and to the simpler perceptual or mnemonic studies. 
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Another important point drawn from statistical decision theory is em- 
bodied in the second assumption. Trials differ in their effect, even when 
the nominal stimulus is the same. Sometimes this variability has a phys- 
ical interpretation. For the tone-detection experiment, the white noise is 
a random mixture of energy at all different frequencies; thus on a given 
noise trial the output of a physical detector tuned to 523 Hz (if that is the 
location of the signal) will be larger or smaller, depending on the accidental 
composition of the noise. On signal trials the added tone gives an increment 
to the output of the detector, but the variability attributable to the noise is 
still there. In other situations the variability, although no less present, lacks 
this clear physical interpretation. In the recognition memory experiment 
a given picture evokes a greater or lesser feeling of familiarity, depending 
on how often similar pictures have been seen in the past and under what 
circumstances, and, for old pictures, how attentive the subject was during 
the original presentation. Even if the physical basis for this variability is 
less apparent, its effect is no less true. Sometimes a new picture seems very 
familiar; sometimes an old one seems less so. 

The variation of the stimulus effect is well illustrated by a diagram 
that shows the distributions of evidence under the two alternatives (Figure 
1.1). The horizontal axis is the single dimension on which the internal 
response to a stimulus is measured, and the vertical height of the line 
indicates how likely that value of the evidence is to occur. The top curve, or 
distribution of evidence, describes the internal response when a noise-only 
trial is given, and the bottom curve describes the response to the signal- 
plus-noise stimulus. The two distributions are not identical, indicating 
that the observations are, to some degree at least, sensitive' to the signal- 
if they were identical, then there would be no way to tell the two events 
apart. The presence of a signal changes both the center and the spread 
of the distribution, both its mean and its standard deviation in statistical 
terms. Most important, the signal distribution is shifted to the right relative 
to the noise distribution. On average, larger values are observed when a 
signal is present than when it is absent. However, because the distributions 
overlap, some noise trials produce a larger observation than some signal 
trials. For example, both the noise distribution and the signal distribution 
have positive values at the point marked x in Figure 1.1, implying that 
there is some chance that evidence of that strength is observed, whichever 
type of stimulus is presented. This ambiguity means that no response rule 
based on this dimension can produce completely error-free performance. 

The two distributions drawn in Figure 1.1 differ in other ways than in 
the mean-here the distribution when the signal is present is more spread 
out then when it is absent. This differeqce is not a necessary part of the Sig- 
nal-detection model. In some versions of the theory, such as that discussed 
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X 

I 

X 

Figure 1.1: Probability distributions on the evidence dimension for a noise stimu- 
lus (upper distribution) and for a signal-plus-noise stimulus (lower distribution). 
The value x represents a particular observation, which could have come from 
either distribution. 

in Chapter 2, the two distributions differ only in their center. In other 
version, such as those discussed later in this book, variability differences 
are also possible. Methods for testing which possibility is most appropriate 
are described in Chapter 3. 

The third assumption of signal-detection theory links the abstract di- 
mension of the internal response to the observer’s overt dichotomous re- 
sponse. The linking is very simple: on any trial, the observer says YES 
when the amount of evidence for the signal is larger than some value known 
as the criterion, and NO when it is smaller than this value. The observer’s 
decision rule to determine the response is 

If evidence > criterion, then respond YES, 

If evidence < criterion, then respond NO. 

When the evidence is assumed to be a continuous variable, there is no 
need to worry about whether the evidence exactly equals the criterion, 
as the probability of that event is negligible, and it can be assigned to 
either the YES or NO category without changing the properties of the rule. 
This decision rule is pictured in Figure 1.2. The point marked X (the 
lowercase Greek letter lambda) on the abscissa is the criterion that divides 
the response types. For any value of X above X, a response of YES is made; 
for any value of X below X, a response of NO is made. 

For compactness, Figure 1.2 (unlike Figure 1.1) has been drawn with 
both distributions on the same axis. This condensed diagram is the con- 
ventional way to present the signal-detection model. However, one should 
remember that each actual event is drawn from one or another of these 
distributions. On any trial, only one of them applies. 

Some mathematical notation is needed to take the analysis further. De- 
note values on the abscissa of Figure 1.2 by the letter x. Under the signal- 
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Say NO F, Say YES 

X 

Figure 1.2: The signal and noise distributions of Figure 1.1 shown on a ,  single 
axis with a decision criterion at the value X. 

detection model, the amount of evidence observed on a single trial is not a 
fixed number but a random variable (see Appendix Section A.2). Denote 
this random variable by X, for noise trials and X, for signal trials. Let 
fn(x) and f,(z) be the density functions of these two random variables- 
these are the curves pictured in Figures 1.1 and 1.2-and let Fn (x) and 
F,(x) be their cumulative distribution functions. Using this notation, the 
probabilities of a hit or a false alarm, given the appropriate stimulus, are 
found by calculating the area under the density functions above the value 
X. In mathematical nomenclature, this area is the integral of the f~nc t i on .~  
The false-alarm rate PF is the probability that an observation from Xn 
exceeds X, which can be written in various ways as 

PF = P(YES1nOiSe) 

= P ( X  > Xlnoise) 

= P(Xn > X) 
00 

= J fn(x) dx x 
= 1 - F&). 

The shaded area in the upper distribution in Figure 1.3 corresponds to this 
probability. The hit rate PH is defined similarly, using the distribution of 

3This book uses the integral symbol from calculus to denote area. The area under 

the function f(x) between x = a and x = b is written f(x) dx. The important parts of 

the expression are the function to be integrated f(x) and the limits a and b; the rest is, 
in effect, conventional notation. When a = -00, the integral includes all the area below 
b, and when b = 00, it includes all the area above a. 

lb 
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Say NO Say YES 

X 

Figure 1.3: Probabilities of a false alarm and of a hit shown as shaded areas on 
the distributions of X ,  and X ,  from Figures 1.1 and 1.2. 

evidence associated with the signal (Figure 1.3, bottom): 

The probabilities PF and PH are the theoretical counterparts of the pro- 
portions f and h calculated from data. 

The definition of the hit rate and the false-alarm rate in terms of the 
distributions of X ,  and X n  allows predictions of these values to be made 
once the forms of the random variables are specified. Before turning to 
these calculations in the next chapter, note that two aspects of the signal- 
detection model control the particular values of PH and PF: 

o The overlap in the distributions. If fn(X) and fs(x) do not overlap 
much, then the hit rate can be high and the false-alarm rate can be 
low at the same time. If the distributions are nearly the same, then 
the hit rate and the false-alarm rate are similar. 

o The placement of the criterion. If X lies toward the left of the distri- 
butions, then both the hit rate and the false-alarm rate are large. If 
X is lies toward the right, then both rates are small. 

The importance of the signal-detection model is that it allows these 
two aspects of the detection situation to be measured separately. The 
detectability of the signal is expressed by the position of the distributions 
and their degree of overlap, while the observer’s strategy is expressed by 
the criterion. The shape and position of the distributions in a particular 
detection task may be largely determined by the way that the stimulus is 
generated and the physiology of the detection process. The observer has 
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Figure 1.4: Signal and noise distributions with two criteria X1 and X2 representing 
the differences induced by instructions. 

little or no control over these aspects. However, the observer can vary 
his or her propensity to say YES by changing the position of the criterion. 
Such changes can explain the differences in hit rate and false-alarm rate 
between the two sessions in the experiment described above. The criterion 
X1 shown in Figure 1.4 yields large hit rates and false-alarm rates, such as 
those in session 1, and the criterion X2 yields smaller rates such as those 
in session 2. Of course, one can only tell whether criterion differences are 
enough to explain the differences between the conditions by fitting the data 
quantitatively, which is the topic of the next two chapters. 

Reference notes 
Signal-detection theory, as discussed here, was soriginally developed in work 
by Birdsall, Swets, and Tanner, although its roots go back at least to Gustav 
Fechner’s Elemente der Psychophysik in 1860 (see Link, 1992). Many of 
the early articles relating to this development are collected in Swets (1964). 
The primary source for signal-detection theory is the book by Green and 
Swets (1966), which remains an essential (but sometimes difficult) reference. 
There are many secondary treatments of signal-detection theory directed 
toward different research domains. Among those oriented to psychophysics, 
the introduction by McNicol (1972) and the more mathematical treatment 
by Falmagne (1985) have influenced the present writing. Macmillan and 
Creelman (1991) provide a useful and more detailed treatment. John Swets 
has written a number of useful articles on the procedures, many of which 
are collected in Swets (1996). Briefer discussions of signal-detection theory 
appear in many texts on perception, cognitive science, and so forth. Articles 
that apply signal-detection theory are too numerous to cite. 
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Exercises 
1.1. Describe two situations, other than the examples in Section 1.1, 

in which a decision between two clear alternatives must be made based on 
incomplete or ambiguous information. Identify the types of errors that 
could be made. 

1.2. For each of the following pairs of hit and false-alarm rates, 
choose the pair of distributions that best describes it 
rion that gives approximately those values. Remember 
the complete area under the distributions equals 1.0. 

and locate a crite- 
that, by definition, 

a. PF = 0.50, PH = 0.84. 
b. PF = 0.20, PH = 0.56. 
C. PF = 0.07, PH = 0.93. 

1.3. Two screening tests are available that predict the appearance 
of a set of psychological symptoms. In a study of the first test, it is given 
to a group of 200 people. On a follow-up one year later, the test is found to 
have identified the 25 of the 30 people who developed the symptoms during 
the year. A comparable study using the second test looked at a different 
set of 150 people and identified 15 persons out of 28 who developed the 
symptoms. The rate of identification is greater for the first test than for 
the second (25/30 = 83% and 15/28 = 54%, respectively). Explain why 
these data do not, by themselves, tell which test is best at identifying the 
target people. What information is missing? 

/ 

' y ,  ' >  
. ,  



Chapter 2 

The equal-variance 
Gaussian model 

To make predictions from the signal-detection model described in the last 
chapter, the form of the distributions of X, and X ,  must be specified. One 
of the simplest and most natural choices is the conventional “bell-shaped” 
normal distribution of statistics, more commonly known in signal-detec- 
tion applications as the Gaussian distribution. The next three chapters 
describe various uses of the Gaussian model, and it is central to much of 
the remainder of this book. The properties of this distribution, including 
methods used to find probabilities from it, are described in the appendix, 
starting on page 237. This material should be reviewed, either now or as 
required while reading this chapter. 

The simplest Gaussian model is one in which the distributions for both 
signal and noise stimuli have the same shape, with the signal distribution 
being shifted to the right of the noise distribution, but otherwise identical 
to it. This representation is particularly useful as a description of a single 
detection condition and is the basis of the most commonly used detection 
statistics. It is the topic of this chapter. 

2.1 The Gaussian detection model 
In its most general form, the Gaussian signal-detection model assigns ar- 
bitrary Gaussian distributions with (potentially) different means and vari- 
ances for the random variables representing the two stimuli: 

17 
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The result is a model that depends on the values of five real-number para- 
meters instead of on two arbitrary distributions. The two parameters 
and p, locate the centers of the distributions, the two parameters a: and 
a: give their variances, and the parameter X specifies the response criterion. 
Once these five values are assigned, predictions of PH and PF can be made. 

The signal-detection model does not use all five of these parameters. 
The values of the random variables X n  and X ,  are unobservable. Only 
the shape and overlap of the distributions are important; the picture is 
unspecified as to its origin and scale. There is no way to determine the 
absolute size of X n  and X,, only how they compare to each other. To 
illustrate this indeterminateness, consider Figure 1.2 on page 13. A zero 
point can be placed anywhere on the abscissa and scale values (1, 2, etc.) 
marked off at any spacing along the axis without changing the essential 
picture. The overlap of the distributions and the relative placement of the 
criterion are the same for any scaling. Thus, a set of detection data does 
not give enough information to assign unique values to the five parameters.l 

To begin to remove the ambiguity, the values of any two of the five 
parameters (except the two variances) can be chosen arbitrarily. Fixing 
these parameters does not make the model less general or reduce its range 
of predictions; it only helps to give the other parameters unique values. One 
conventional way to fix two parameters is to assign a standard Gaussian 
distribution to the noise distribution, by setting pn to zero and ai to one, 
giving the pair of distributions 

With this restriction, the model depends on three parameters, p,, a:, and 
X. 

Example 2.1: Suppose that X n  N(0, l ) ,  that X ,  N N(1.5,4.0), and 
that X = 1.2. What are PH and PF? 
Solution: The noise distribution has standard form, so the false-alarm 
rate is obtained by looking up the position of the criterion in a Gaussian 
distribution table. Using Equation 1.1 and the table of @(z)  on page 249, 

PF = P ( X n  > X) t 

= 1 - @(X) 
lIn technical terms, the fully parameterized model is not identzfiuble. Many different 

combinations of pn, u t ,  ps, a:, and X lead to the same values of PH and PF; thus, there 
is no way to identify which combination of parameter values created a particular pair of 
probabilities. 
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= 1 - @(1.2) 

= 1 - 0.885 = 0.115. 

The signal distribution does not have standard form, so to calculate the 
hit rate (Le., to evaluate Equation 1.2), both the mean and the standard 
distribution must be rescaled using Equation A.46: 

= 1 - P ( X S  <_ X) 

= I - @ (  2.0 ) 1.2 - 1.5 

= 1 - @(-0.15) 

= 1 - 0.440 = 0.560. 

Setting the noise distribution to standard form is but one way to con- 
strain the signal-detection model and give the parameters unique values. 
Another possibility is to put the origin exactly between the two distribu- 
tions and equate their variances, so that 

This representation is more natural in situations where neither stimulus 
event can be singled out to provide a baseline, as was done with the noise 
distribution in simple detection. This form of model will be important 
in the descriptions of forced-choice and discrimination studies in Chapters 
6 and 7, and it is a natural consequence of the likelihood-ratio approach 
described in Chapter 9. 

One might ask at this point why Gaussian distributions have been used 
for X n  and X $ ,  when other distributions could work as well. One reason is 
familiarity: the Gaussian is the most commonly used distribution in signal- 
detection theory models, and in some treatments is presented as if it were 
the only signal-detection model. The choice of a Gaussian distribution can 
be justified on either empirical or theoretical grounds. Empirically, it is 
often supported by data, using the methods that are described in Section 
3.4. Theoretically, one can argue that when the evidence being incorporated 
in the decision derives from many similar sources, the central limit theorem 
(described on page 241) implies that their combination has approximately a 
Gaussian form. Such a situation might obtain, for example, if X is formed 
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by summing the outputs of a set of detectors, each of which responds to 
some aspect of the signal, or by pooling many nearly ambiguous pieces of 
evidence. 

Notwithstanding these arguments, there are some situations in which 
distributions that are not Gaussian are necessary. The most important 
of these cases occur when a non-Gaussian form for the distribution arises 
out of a theoretical model for the detection task. Distributions very much 
unlike the Gaussian form occur in Chapter 8 (see Figure 8.2 on page 136) 
and Section 9.4 (see Figure 9.5 on page 168). In such cases, of course, it is 
essential to use the correct distribution. 

Beyond these specific situations, one sometimes finds treatments of Sig- 
nal-detection theory in which X n  and X ,  have what is known as a logistic 
distribution (page 241). This distribution, like the Gaussian, is unimodal, 
symmetrical, and bell-shaped. Its shape is so similar to that of the Gaussian 
distribution that it is indistinguishable from it in practical applications. 
The logistic distribution arises naturally out of certain axiomatic treatments 
of choice behavior, and when working with these theories, it is the natural 
form for X ,  and X,. Another reason to use it is mathematical tractability: 
the cumulative logistic distribution function can be'written as an algebraic 
expression, while the cumulative Gaussian distribution function @ ( x )  must 
be approximated or taken from tables. This difference has no practical 
consequence for someone applying the signal-detection model, particularly 
when the calculations are done by a computer. In view of its wider use, the 
Gaussian model is emphasized in this book. 

2.2 The equal-variance model 
The most common application of signal-detection theory is to a single detec- 
tion condition. The data obtained from a two-alternative detection exper- 
iment consist of one hit rate h and one false-alarm rate f .  By themselves, 
these two numbers cannot determine unique values for three parameters P,, 
a:, and X. One more constraint is needed to fit the signal-detection model. 

The variance a: is the parameter with the least obvious interpretation, 
so the most natural way to restrict the model is to constrain its value. The 
conventional assumption is that the variance of the signal distribution is 
the same as the variance of the noise distribution. Setting a: = ai = 1 
gives the equal-variance Gaussian model. The standard notation for this 
model denotes the mean of the signal distribution by the symbol dl rather 
than P,. Thus, the two random variables have the distributions 

X n  N N(0,l) and X ,  N N ( d ,  1). 
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-2 O x 2  d' 4 6 

Figure 2.1: The distribution of noise and signal for the equal-variance Gaussian 
signal-detection model. 

These distributions are shown in Figure 2.1. Using Equations 1.1 and 1.2 
with the Gaussian distribution function, the probabilities of a false alarm 
and a hit are 

PF = 1 -@(X) and PH = 1 - @(X - d l ) .  (2.2) 

This model depends on two parameters, d' and X, which can be estimated 
from observations of f and h. 

The two parameters of the equal-variance Gaussian detection model 
have a simple and very important interpretation. The parameter d' de- 
scribes the relationship of the noise and signal distributions to each other. 
When d' is near zero, the distributions are nearly identical; when it is large, 
they are widely separated. Thus, d' measures how readily the signal can be 
detected. The parameter X describes the position of the decision criterion 
adopted by the observer. It is influenced by any propensity to say YES 
or NO, although it is not as satisfactory a measure of response biad as the 
quantities that will be described in Section 2.4. 

Before going on to describe how f and h are converted to estimates of 
d' and X, it is worth pausing to reconsider the restrictions that have been 
imposed on the general signal-detection model. There are three of these, 
each with a somewhat different status. The first is the use of the Gaussian 
distribution for Xn and Xs. As discussed at the end of the last section, 
this distribution is a reasonable choice for most sets of detection data. In 
practice, one rarely worries much about this assumption. 

The second restriction fixes the parameters of the noise distribution, 
giving it standard form, with pn = O and o: = 1. This assumption has a 
different status from the others. It has no real content, in that it does not 
restrict the range of predictions that the model can make. The unobservable 
variables Xn and Xs are hypothetical, and they can be given any center 
and spread as long as they maintain the same relationship to each other. 
Thus, this restriction is made purely for numerical convenience. Either 
this assumption or an equivalent one is necessary if well-defined parameter 
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estimates are to be made, but it cannot be tested by any data that could 
be collected. 

The third assumption assigns equal variance to the two distributions, 
putting a: = ai. This assumption is the most vulnerable of the three and 
the least likely to be correct. It can be tested, although not with the results 
of a single two-alternative detection experiment-the two data values from 
this experiment can be fitted perfectly by an appropriate choice of d’ and 
X. Unlike the standardization of X n ,  the equal-variance assumption has 
implications for data in more elaborate experiments, a topic that will be 
discussed in the next chapters. 

2,3 Estimating d‘ and X 
In order to use the detection parameters d‘ and X to describe an observer’s 
performance, their values must be calculated from the observed quantities 
h and f ,  a process known as estimation. Estimates of d‘ and X should 
be chosen that match the model’s predictions to the observed data. The 
derived values are known as estimates, not parameters, and are denoted 
here by placing a circumflex or “hat” on the symbol that denotes the theo- 
retical paramegr. Fo_r the equal-variance Gaussian model, the parameter 
estimates are d’ and X. The hat serves to distinguish the estimates from 
their theoreiical apnterparts. 

To find dl and X, one uses either a table of the Gaussian distribution or 
a program that calculates areas under this distribution. Essentially, these 
tables translate the observed rates of false alarms and hits to areas in a 
%anda$ Gaussian distribution. The areas are then converted to values of 
dl and X. The calculation is easiest to do in three steps. Consider the data 
from the first session of the example experiment described in Section 1.2. 
The data from this experiment were 

Noise 

46 100 
Signal 82 100 

From these frequencies, the hit rate and the false-alarm rate are found: 

82 
100 100 h =  - =0.82 and f =  - - 46 - 0.46. 

From here, the calculation proceeds as follows. 

1. The false-alarm rate and the noise distribution are used to estimate 
the criterion X. It is always helpful to illustrate the calculations with 
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a picture. The noise distribution, with the criterion marked and the 
false-alarm rate shaded, is 

This picture shows that i is the point on a standard normal distribu- 
tion above which 46% of the probability falls, or, equivalently, below 
which 54% of the probability falls. The latter cumulated probability 
is the value tabulated in most normal-distribution tables, including 
the one on page 250. Looking up Z(0.540) in this table shows that 
X = 0.100. 

2. The hit rate is used to find the distance between d' and the crite- 
rion. A hit rzte of 0.82 inGcates that 82% of a Gaussian distribution 
centered at dl falls above X: 

h 

h h  

X dl 
This distance is the difference between X and d'. From the same 
table of Z ( p ) ,  82% of the standard Gaussian distribution falls below 
x = 0.9i5. Converting this value to a; upper-tail area, as the picture 
shows, X must be 0.915 units below dl: 

A h  

X - d' = -0.92. 

3. The final step combines these two results to solve for 2. GraKhically, 
the two diagrams are superimposed, to make the two values of X agree: 

EumericaLly, the distance from p n  up to i equals 0.10 and that from 
X up to d' equals 0.92, so the center of the signal distribution lies 
0.10 + 0.92 = 1.02 units above the center of the noise distribution. 
Algebraically, the combination of steps 1 and 2 is 

&i-(j;-& 
= 0.10 - (-0.92) = 1.02. 
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From these calculations, detectio_n performancz in the first session is de- 
scribed by the parameter values d' = 1.02 and X = 0.10. 

To work in general, one must write these steps as equations. Because 
Z(p) is the inverse of the cumulative Gaussian distribution, that is, the 
point for which p = G(x) ,  the first step says that 

Z(1- f) = x. 
The symmetry of the Gaussian distribution means that Z ( l  - f )  = -Z(f) 
(draw a picture); and that a simpler way to relate the false-alarm rate to 
the criterion is 

Using the same two steps, the relationship between the hit rate and the 
estimates is 

Z(1-h) = x - 2, 
Z(h)  = d3 - x. 

Now use Equation 2.3 to replace x by - Z ( f )  and solve for d3 to get 

2 = Z(h)  - Z ( f ) .  

When using Equations 2.3 and 2.4, it is helpful to verify that the criteria 
have been placed correctly and the right areas have been used by drawing a 
picture of the distributions, as was done above. Without seeing a picture, 
it is easy to drop the sign from Z(h)  or get the order of the subtracted 
terms wrong. Errors of this type are much easier to catch in a picture than 
in a formula. 

i 

Example 2.2: The results for the two sessions of the detection experi- 
ment described in Section 1.2 were 

Show that the sessions differ in the criterion that was used more than in 
the detectability. 
Solution: The signal-detection parameters for the first section were cal- 
culated in the three steps above. For the second session, Equations 2.3 
and 2.4 give 

= -Z(f) = -Z(O.19) = 0.88, \ 
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d3 = Z(h)  - Z(f) = Z(0.55) - Z(0.19) = 0.12 - (-0.88) = 1.00. 

Summarizing these calculations, 

d 3 X  
h 

First Session 1 1 . 0 2 1  
Second Session I 1.00 0.88 I 

It is immediately clear from this table that the criterion was shifted by 
the change in instructions, but the detectability of th,e signal remained 
the same. By converting from h and f to d' and X, the stability of 
detection, which was only suggested by the original proportions, becomes 
quantitatively clear. A formal statistical test of these conclusions, using 
the sampling model that will be developed in Chapter 11, is given in 
Example 1 1.6. 

The two pairs of observations, (h, f) and (2, x), give different ways to 
view the outcome of a detection experiment. Each pair of numbers fully 
describes the results of the experiment. Although one pair can be converted 
to the other, each pair conveys information that is not so immediately ob- 
tained from the other pair. The signal-detection analysis translates the 
information provided by h and f into quantities that are s u c h  core  de- 
scriptive of the detection process. Because the estimates d' and X derive 
from the theoretical parameters of the signal-detection model, they separate 
the detection and the decision aspects of the observer's behavior in a way 
that h and f do not. Both types of information-the hit and false-alarm 
rates and the detection statistics-should be reported when describing the 
results of a detection task. 

A problem sometime arises when one attempts to estimate detection pa- 
rameters from a small sample of data. Although there is always some chance 
that the observer makes an error under the Gaussian detection model, with 
a small number of trials these events may never happen. The observer may 
respond YES on all the signal trials or NO on all the noise trials. These '. 

zero frequencies make either h = 1 or f = O, so either Z(h)  or Z(f) is un- 
defined. Estimation of d' using Equation 2.4, which requires these values, 
does not work. Figure 2.2 illustrates the difficulty. The distributions are 
widely spaced, and either almost all of the signal distribution falls above 
the criterion or almost all of the noise distribution falls below it. However, 
unless some observations from each distribution fall on both sides of the 
criterion, it is impossible to tell how far apart to place the means. The 
distributions could be as shown in Figure 2.2, but they could as well lie 
somewhat closer or much farther apart. 

How to deal with such data poses a dilemma. One possibility is to ar- 
bitrarily assign a small value to the empty category and proceed normally. 
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Figure 2.2: Distributions and criteria that represent data for which h = 1 (upper 
panel) or f = O (lower panel). 

For example, a frequency of 1 observations, or ‘/z observation, or l/lo ob- 
servation might be assigned to an otherwise empty false-alarm category. If 
the noise stimulus has been presented on Nn trials, these values correspond 
to values of f of I/(Nn + l), 1/(2Nn + I), or l/(lONm>+ l), respectively. 
Giving a value to f lets Equations 2.3 and 2.4 be used’to estimate X and 
d‘. Similarly, when h = 1, one can deduct 1, 1/2, or observation from 
the number of hits to allow estimates to be made. The difficulty with these 
solutions is that even though the value that is substituted is arbitrary, it 
has an appreciable effect on the estimate. For example, suppose that in 
some study every one of 100 noise trials were correctly identified and 80 of 
100 signal trials were hits. The three alternatives for the false-alarm rate 
give estimates of d’ of 3.17, 3.42, and 3.93. No one of these numbers is 
more correct than another. It is important to recognize the arbitrariness 
of these values and to avoid drawing any conclusions that depend on the 
specific substitution. 

An alternative to assigning a specific value to f or h is simply to ac- 
knowledge the indeterminateness and to treat the condition as implying a 
“large” detectability of the signal, without attempting to assign it an exact 
numerical value. In particular, the unknown estimate is larger than that 
of any comparable condition in which all the frequencies are positive. This 
problem will be revisited in Section 4.6. 

2.4 Measuring bias 
Although the parameter X is the most direct way to express the placement 
of the observer’s criterion, it is not the best way to measure the bias. Its 
value depends on the false-alarm rate, but not on the hit rate. Yet, how 
one interprets a particular criterion needs to take the detectability of‘the 


